The Prisoner’s Dilemma:
A Mathematical Analysis

By James Ruben
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L Introduction
a. Background

Game theory broadly refers to the theory describing and analyzing situations in which
the decision of one entity and the decision of an opposing or competing entity result in a number
of predetermined outcomes. The prisoner's dilemma is a subset of game theory and is simplified
to give each of two parties two decisions—resulting in 2*2=4 possible outcomes. The original
prisoner's dilemma was described and developed by employees of the RAND Corporation’, a

global policy think tank, and is described as follows:

Two suspects are arrested. They are separated by the police, and each is given
the opportunity to testify against the other. If one suspect testifies against the
other (hereafter termed "defects") while the other remains silent (hereafter
termed "joins"), the defector goes free and the joiner is sentenced to 10 years
in prison. If both suspects join (remain silent), each will serve a six month
sentence. If both suspects testify (both defect), each will serve five years in

prison. What should each prisoner do?

b. Equilibrium
This situation will be analyzed mathematically later, but the constants involved in the

analysis need to be introduced here. Therefore, let

A = Defection reward—the sentence given to the prisoner who defects while the other
joins. In the above situation, this reward is defined as going free.

B = Joining reward—the sentence given to each prisoner if both join. Above, B is
defined as 6 months of jail time.

C = Defection penalty—the sentence given to each prisoner if both defect. Above, C is
defined as 5 years of jail time.

D = Joining penalty—the sentence given to the prisoner who joins while the other

defects. Above, D is defined as 10 years of jail time.

! Prisoner's Dilemma (Stanford Encyclopedia of Philosophy). (1997, September 4). Stanford Encyclopedia of
Philosophy. hitp://plato.stantord.edu/entries/prisoner-dilemma/ (accessed May 03, 2011).




Looking at the situation logically, one may be tempted to join. If both prisoners remain
silent, each will only serve 6 months—a much shorter sentence than one of 5 or 10 years.
However, if the prisoner is interested only in serving the minimum sentence, defection is always
the preferable option. If the other prisoner joins, defection results in freedom; if the other
prisoner defects, defection avoids a 10-year sentence. To see this more clearly, we will redefine
A, B, C, and D as potential rewards instead of punishments. Consider their values as being
points. Obtaining maximum points is as desirable as avoiding prison, and the prisoners are now

described as players. We reassign their values to be

A=17 B=5 C=2 D=1

Choosing to defect ensures that a player will receive either A or C. Choosing to join
ensures B or D. The points can be chosen arbitrarily, but, as long as A>B>C>D, it stands to
reason that defection is always the better option, regardless of the other player's decision. The
game, with this inequality stipulated, yields what is known as a "Nash Equilibrium," named after
the famous mathematician John Forbes Nash, Jr. (yes, the one from A Beautifil Mind). He
describes an equilibrium as existing in a game in which both players are aware of the reward
structure, each is knowledgeable of his or her opponent's options, and, when each makes a
rational decision considering those options, there is always one decision that is better than the
other. In the prisoner's dilemma in which A>B>C>D, both players defecting is a Nash
Equilibrium. This will be proven mathematically later, as will the fact that A must exceed B for

the game to be playable.
¢. Non-equilibrium

Suppose instead that the joining penalty is not as severe as the defection penalty. That is,
keeping silent as the other prisoner testifies does not carry as steep a prison sentence as does

each prisoner testifying against the other. In terms of points, A>B>D>C. For instance,

A=T7 B=5 C=1 D=2



A player who plans to defect must now face the realization that defecting is a worse
option than joining if his or her opponent also plans to defect. The Nash Equilibrium is thereby
disrupted: the "correct” move depends upon the move of the opponent, rather than simply the
logic of the situation. If A>B>D>C, the prisoner's dilemma is a non-equilibrium game. The
correct decision, then, can be considered to be some function of the probability that the opponent
defects. Suppose Bob and Steve happen to love anything having to do with math and, as a result
of this unyielding love, agree to play the game (each seeking to maximize his own points). If
Steve considers Bob to be prone to defect, how should Steve act? If Bob is a trustworthy soul
who is likely to join, should Steve automatically choose to defect? And are there turning points

at which the strategy changes? This will all be analyzed mathematically later.

d. Applications and Survey

The thinkers at RAND did not develop the prisoner's dilemma as an esoteric thought
exercise. Rather, there existed then and now exist a number of decisions in many facets of
humanity that can be simplified to a prisoner's dilemma. These include decisions in politics,
social policy, law enforcement (obviously), sports, and economics. Two in particular are quite
applicable today: whether a government should sign a climate change treaty that may potentially
harm its economy but help the environment and whether an athlete should take performance
enhancing drugs at the risk of bodily harm. It is immediately apparent that the cost and benefit of
each decision depends a great deal on the behavior of the other entities, be they governments or
athletes. We will analyze these situations later, accompanied by the results of a survey of

hundreds who were asked to decide as though they were the diplomat and the baseball player.

e. Investigation

Lastly, I performed an in-person, real life, and real time test of the prisoner's dilemma
with both equilibrium and non-equilibrium values. The "reward" was a certain number of Silly
Bandz (which, as you may know, are all the craze among kids these days. If you have had the

misfortune of never encountering Silly Bandz, they are essentially rubber bands that each form



into different shapes—including animals, fairies, sports gear, and so on). Players were presented
with the four outcomes based upon their defecting or joining and were told to make their
decisions. Those decisions will be analyzed not just for what they were (join or defect) but also

for how the players reported arriving at those decisions.

Before we get to all that, though, I should confirm that a mathematical analysis of the
equilibrium and non-equilibrium assessments made above match those obtained logically. This
will be done by developing an equation for an expected outcome as a function of the probability

of each player’s defecting. It's time for Bob and Steve to square off:

II. Mathematics

We now define the following variables:

x = the probability that Bob defects
y = the probability that Steve defects

z = Steve’s expected value

We also need to recall the following constants:

A = the defection reward (score for a player defecting when opponent joins)
B = the joining reward (score for a player when both join)

C = the defection punishment (score for a player when both defect)

D = the joining punishment (score for a player joining when opponent defects)

We can then generate an expected value function z, (of x and y) from Steve’s perspective of:

z = (probability that both defect)(defection punishment) + (probability that Bob defects and Steve
joins)(joining punishment) + (probability that Steve defects and Bob joins)(defection reward) +

(probability that both join)(joining reward)

Or in terms of the variables and constants:



z=2y(C) +2(1L —y) (D) + y(1 — 2)(A) + (1 —2)(1 - y}(B) o
By foiling and distributing (1), we obtain
z=Cuxy+ Dz — Dey + Ay — Avy + B— Ba — By + Bay
By investigating (2) in various scenarios, we can determine some criteria for the game to have or

not have a Nash Equilibrium. First, assume Steve chooses to defect, freezing the value of y at 1.

Equation (2) reduces to

z=Ce+De—De4 A—Ax 3+ B—Be— B+ Be

Which, upon simplification, reduces further to
z=Ce— Az + A “
Equation (4) demonstrates two desired properties. First, if Bob defects (x=1), Steve’s result, z, is

simply C, the defection punishment. Secondly, if Bob joins (x=0), Steve’s result is simply A, the

defection reward.

If we instead assume Steve chooses to join, freezing the value of y at 0, equation (2) reduces to
z=Dz+B— Bz ©

with no further simplification possible. Analogous to the result of equation (4), equation (5)

reduces to z = B, the joining reward, if Bob also joins and reduces to z = D, the joining

punishment, if Bob defects.

The logic described in the introduction argues that there exists a Nash Equilibrium of both

players always choosing to defect when A > B > C > D. It would be edifying to see if equations



(4) and (5), which give Steve’s expected value upon defecting and joining, lead to the same
conclusion. In order for Steve to even consider joining, his expected value upon joining, equation

(5), must exceed the expected value upon defecting, equation (4). Mathematically,

D+ B— Be»Ce— A+ A (©6)

Recall that x is the probability that Bob defects. Rearranging (6) gives
De—Be+Av—Ce>A—-B 0

Factoring out an X on the left side and dividing by the constant terms gives

. A—B
> . _
D—-(C+A-B

To restate, in order for Steve to consider joining, his expected value upon joining must exceed

()

his expected value upon defecting. Both expected values depend upon x, Bob’s probability of
defecting. Equation (8) is the resulting inequality, stating that Steve should join if the probability
that Bob defects exceeds a certain value. [ will return to this shortly. First, equation (8) is
deceptively revealing about the nature of the prisoner’s dilemma. The first mathematical
observation to note is that x, representing a probability, must be between 0 and 1 (probabilities
can, of course, equal 0 or I, but [ am assuming that no decision has been officially made). For
any fraction to fall into this domain restriction, the denominator must exceed the numerator. That

D-C4+A-—B>A—-B ©)

Canceling out A - B on each side, equation (9) reduces to

D—-C>0
or

D> (10)
















































